The Aharonov-Bohm (AB) function, describing a plane wave scattered by a flux line, is expanded asymptotically in a Fresnel-integral based series whose terms are smooth in the forward direction and uniformly valid in angle and flux. Successive approximations are valid for large distance r from the flux (or short wavelength) but are accurate even within one wavelength of it. Coefficients of all the terms are exhibited explicitly for the forward direction, enabling the high-order asymptotics to be understood in detail. The series is factorally divergent, with optimal truncation error exponentially small in r. Systematic resummation gives further exponential improvement. Terms of the series satisfy a resurgence relation: the high orders are related to the low orders. Discontinuities in the backward direction get smaller order by order, with systematic cancellation by successive terms. The relation to an earlier scheme based on the Cornu spiral is discussed.
Introduction
In the more than half-century since its derivation by Aharonov and Bohm [1] , their wavefunction, describing the scattering by a line of magnetic flux of a plane wave representing charged quantum particles (e.g. electrons), has been much studied. Its physical significance, as a quantum effect on electrons moving in regions where there is a vector potential but no magnetic field, has provoked continuing discussion and controversy [2] [3] [4] [5] , and the Aharonov-Bohm (AB) effect is an important physical example of a nonintegrable geometric phase [6, 7] . In addition, the mathematics underlying the AB wave has developed in several directions. It has a 'many-whirls' interpretation in terms of paths winding multiply round the flux line [8] [9] [10] . It possesses phase singularities on the flux line, whose effect has been observed in an analogue experiment with water waves [11] . It has been generalised to include penetration of the electrons into the region where the flux is concentrated [3] .
Moreover, and importantly for the present paper, the AB wave has been approximated in terms of Fresnel integrals (complex error functions) [3, [12] [13] [14] [15] , originating in an exact representation of the AB wave for half-integer flux [1] . Such approximations are physically intuitive because there is a gauge in which the magnetic flux line is the edge of a phasechanging half-plane of vector potential, inspiring analogies with edge diffraction and the Cornu spiral. The analogy leads to asymptotic formulas [14] for the AB wave far from the flux, the most recent of which [16] is extraordinarily accurate.
My aim here is to pursue the connection with the Fresnel integral, by showing how an approximation scheme based on it can describe the mathematical structure of the AB wave in detail and with high accuracy. Several previous AB wave approximations are discontinuous in the forward direction, in the first [3, 14] , or second [16] derivative. This is a disadvantage because it is in the forward direction that the AB wave possesses the distinctive and important feature that the scattered wave cannot be separated from the incident wave.
Here I derive (section 2) a systematic (large-distance, i.e. short-wavelength, or semiclassical) approximation scheme for which the AB wave is smooth (all derivatives continuous) in the forward direction. The leading approximation involves a Fresnel integral, and the correction terms are decreasing functions of distance from the flux. The scheme is uniformly valid in direction (scattering angle), from forwards to backwards, and also in flux strength. Although it is a long-distance asymptotic expansion it represents the AB wave accurately even within one wavelength of the flux line (see figures 2 and 3).
In the forward direction, all the terms of the approximation can be exhibited explicitly (section 3). This shows that this representation of AB is a factorially divergent series that can be understood using familiar concepts from modern asymptotics (section 4), including resummation giving further exponential accuracy beyond the least term, and a resurgence relation for the coefficients. Although the scheme is forward-smooth, its terms are discontinuous in the backward direction (section 5), with the discontinuities exactly calculable and cancelling in successive orders.
The scheme described here supersedes the earlier approximation based on fitting the AB wave to the Cornu spiral; the relation beween the two approaches is explored in the appendix. And although the representation is mathematically complete as a uniform asymptotic representation of AB, it does raise several questions, discussed in the concluding section 6.
A note on dimensions. Distances from the flux line will be represented in terms of the dimensionless variable r, measuring physical distances R in units of wavelength/2π. With wavenumber k=2π/wavelength and introducing the particle mass m, energy E and Planck constant , r is defined as
Magnetic flux Φ will be also be represented dimensionlessly, in quantum units for particles with charge q, as
Uniform asymptotics
The exact formula derived in the original AB paper [1] described scattering of a plane wave incident from x=+∞ by a line of magnetic flux with quantum strength α. Here it will be convenient to consider the plane wave incident from x=−∞, i.e. with θ=0 representing forwards in polar coordinates. Then the formula is the angular-momentum sum involving Bessel functions
This is a smooth periodic function of θ and α. It is not difficult to approximate ψ AB for small r, by using the convergent series for the Bessel functions; that was the procedure used to understand the phase singularities on the flux line [11] .
Here we are interested in large r. In the sum (2.1), the terms for |m|<r are comparable in magnitude, after which (i.e. when the order of the Bessel functions exceeds its argument) they decay rapidly. An expression suitable for deriving effective asymptotics is obtained by expressing the Bessel functions as a standard contour integral (e.g. (8.412.6) in [17] ) and evaluating the resulting trigonometric sum over m. This leads, after a sideways shift of contour and a little algebra, to a variant of formula (A.3) in [11] , valid for 0α1 (which represents no loss of generality because the AB wave is periodic in α):
in which C is the contour in figure 1(a) . In the exponent, rcosu has relevant saddle points at u=−π and u=0, and there are relevant poles at u=−π±|θ|. Reflecting this, it is convenient to deform and split the contour into three as illustrated in figure 1(b The integrand corresponding to C 3 is odd, so ψ C3 =0. For the remaining integral, C 1 runs from the valley at u=−3π/2+i∞, through the saddle at u=−π, and down into the valley at u=−π/2−i∞. As will become clear later, the discontinuity represented by sgnθ in (2.4) will be cancelled by the integral involving C 1 . We seek a systematic approximation scheme for ψ C1 for r ? 1 that is uniformly valid for 0α1 and all |θ|π, including the forward direction where the two poles coincide with the saddle at u=−π. This requires a simple variant of the standard 'saddle-pole' asymptotics (see e.g. [18] ), involving two poles rather than one (it is possible to separate the poles using partial fractions, but the variant is simpler). Transform the C 1 integral by mapping the variable from u to X as follows:
Thus the Jacobian and denominator in (2.2) are and the correspondences between saddles and poles in the map are
The map (2.5) is smooth for -< < X 2 2.The effect of the singularities (infinite Jacobian) at = X 2 will emerge in section 4. The C 1 integral now maps exactly to
in which L is the infinite straight contour with slope −π/4 through X=0, and H(X) is the Xeven part of the numerator in (2.2), namely To get a uniform asymptotic scheme for large r, the expansion that incorporates the poles and saddles consistently is
Thus (2.8) becomes the (formally still exact) series
, ; exp i cos sgn
The integrals involving the coefficients B n are elementary (gaussian), and the integral involving A is
in which for later convenience the second equality expresses the Fresnel integral in the first line in terms of the complementary error function. We need the coefficients in (2.11). The first two involve H(X) evaluated at the pole and the saddle X=0:
The remaining coefficients B n>0 involve only the derivatives of H(X) at the saddle X=0, namely the coefficients in
Now the scheme is complete. The term involving the coefficient A in (2.11), i.e. the contribution from the Fresnel integral, is, after explicit evaluation of the coefficient A, using erfc=1−erf, and a little algebra, is ( In the error function (Fresnel integral), the argument q r 2 sin 1 2 represents the universal scaling law for the AB wave [15] , which, as is well understood, it shares with edge diffraction [3] . Note that as a function of θ this is smooth (all derivatives continuous) in the forward direction θ=0: the discontinuity in the pole contribution (2.4) has been cancelled by the discontinuity in (2.13). Note also that ψ erf is the leading order in our earlier 'cornufication' scheme [13] , which will be discussed further in the appendix. In the backward direction, ψ erf is discontinuous; as will be discussed further in section 4, at this leading order of approximation the discontinuity, as well as the error, is O(1/r 1/2 ). Figure 2 (a) shows how ψ erf captures the main features of ψ AB even for r=2π-only one wavelength from the flux line. This leading order does not however correctly capture the wave scattered by the flux line; that will be accomplished by the terms involving the coefficients B n in (2.12), to which we now turn.
Evaluating the B n integrals in (2.12), with their obvious r scaling, leads to the following expression for the AB wave, still formally exact: 
/
Successive truncations ψ N represent successive approximations to ψ AB . Long calculations using (2.14), (2.15) and (2.16) lead to explicit expressions for the coefficient functions Figure 2(b) shows the approximation N=0. This the first correction to ψ εrf that correctly incorporates the AB scattered wave, and corresponds to the lowest-order uniform approximation to ψ AB . It is our counterpart of the lowest-order approximation in [16] , whose second derivative is forward-discontinuous. The agreement is dramatically improved: even for r=2π (one wavelength from the flux), the curves cannot be distinguished by eye. As a more extended comparison, figure 3 shows the errors for the approximations ψ erf , ψ 0 , ψ 1 , ψ 2 , ψ 3 . The improvement with increasing order is dramatic. And the fact that the errors are similar over the entire angular range confirms that the approximations are indeed uniformly valid in θ.
Forwards
The first few forward coefficients (2.19) can be determined by taking the limit θ→0. This enables the form for general n to be identified as
Thus the approximants for the AB wave in the forward direction are (using erf(0)=0 in in which the terms in the sum are
The increasing accuracy of the approximants as N increases is illustrated in figure 4 , showing that the scheme is uniformly accurate for all fluxes α, as well as all angles as we have seen.
High-order asymptotics: divergence and resurgence
It is obvious from (3.3) that the series in (3.2) is divergent in the manner familiar throughout asymptotics [19, 20] : the terms grow factorially, with leading high-order behaviour ('asymptotics of the asymptotics')
For large r, the terms decrease before starting to increase; the smallest term, corresponding to optimal truncation, is of order approximately given by . This behaviour is illustrated by the black dots in figure 5 ; the highest accuracy is achieved for truncation N opt =6, as predicted from (4.2) for this radius r=π.
The accuracy corresponding to optimal truncation can be estimated by Borel summation [19] of the divergent post-truncation tail of (3.2), using (4.1). This gives
As elsewhere in asymptotics [19] , the optimal truncation error is proportional to the first omitted term; in this case, the precise proportionality factor arises from the factors (−i) n in (4.1). In the series (3.2) for ψ AB , the corresponding truncation error, obtained by using Stirling's approximation for the factorial, is exponentially small: Figure 6 illustrates the accuracy of this estimate.
Although the divergence of the series has been calculated from the explicit form (3.3) of the coefficients, it was anticipated from the singularities of the map (2.5) at X 2 =2. By Darboux's principle [19] , these singularities, closest to the expansion point X=0, determine the high-order behaviour (4.3) of the coefficients. This can also be derived by expanding in powers of X the form of H(X) near X 2 ∼2, which from (2.10) (for θ=0) is
The formula (4.4) gives the leading-order correction after optimal truncation of the series (3.2). It is possible to go much further. One of several effective resummation schemes is Airey's way [21] (see also section 21.2 of [19] ) of calculating the 'terminant' or 'converging factor' R(r,α), defined (see (3.2) by writing the exact AB wave as | in exponentially improved AB approximations (4.6) for increasing truncations K of the terminant sum (4.11), with the red dots horizontally shifted to N opt (r)+1+K=7+K, to indicate improvement beyond optimal truncation of the bare asymptotic series (3.2). 
and abbreviating N opt (r) by N, the terminant is given by a formal sum representing the divergent tail of the series: The method relies on the fact that all coefficients involve positive powers of m, enabling the sum over m in (4.9)-the sum over terms in the divergent tail of the series-to be evaluated as geometric series. Thus the terminant becomes
The first few coefficients are in which g is the following quantity, whose modulus is close to unity:
The approximants ψ
(r,α) in this exponentially improved representation are obtained by truncating the series (4.11) at the term k=K and substituting this into (4.6). The lowest order K=0, together with Stirling's formula, reproduces the estimate (4.4). The higher orders dramatically increase the accuracy, as illustrated by the red dots in figure 5 . This series also has a smallest term, whose astonishing accuracy, for positions only half a wavelength from the flux, is O(10 −8 ). Further improvement would require further resummation. The coefficients in (3.3), namely
14 n satisfy a remarkable resurgence relation, of the type familiar elsewhere in asymptotics [20] , in which the high orders n?1 are expressed in terms of the low orders n=0, 1, 2K This is a reinterpretation of a known asymptotic series for a product of gamma functions (equation (5.11.19) of [22, 23] (see also p15 of [19] ): The simplest truncation M=0 reproduces the leading-order large n asymptotics (4.1).
Increasing M generates more accurate approximations, with optimal truncation at M∼n/2, after which the terms start to increase. For optimal truncation, the error is
In (4.15), the maximum allowed value of M is n.
It would be possible to use the resurgence relation, in conjunction with repeated Borel summation, in a more sophisticated 'hyperasymptotic' resummation scheme [24] [25] [26] . But for the present problem this is less accurate than the scheme based on (4.11) (its advantages appear when approximating functions on or near their Stokes lines, which is not the case here because of the 'anti-Stokes' factors (−i) n in (3.3) ). In this section, we have considered θ=0. But similar arguments, albeit algebraically more complicated, would yield analogous exponentially improved approximations away from forwards.
Backwards
The exact AB wave (2.1) is a smooth periodic function of θ, including the backward direction:
AB AB But the terms in the series (2.18) are discontinuous in the backward direction. As a first step in understanding this, consider ψ erf . From (2.17), and using the standard asymptotic expansion of erf, the discontinuity is ( ) Each term in this expansion is cancelled by the discontinuity in the correction terms, labelled n in (2.18). This follows from the discontinuities in the coefficients d n , given exactly by
As a consequence, the discontinuities in the leading-order approximation ψ erf and also the approximants ψ N , are of the same order as the errors in the approximations at θ=π and θ=-π, namely r −1/2 for ψ erf , and r −( N+3/2) for ψ N : The large r behaviour of these three functions is illustrated in figure 7 . It might seem paradoxical that the two errors |Δ ± ψ| appear close together and the discontinuities |Δψ| are approximately twice as big. But this an artefact of plotting the moduli of these complex quantties. In the complex plane, the values of the approximants ψ N (r,π,α) and ψ N (r,−π,α) lie on opposite sides and roughly equidistant from the exact ψ AB (r,π,α), as figure 8 shows.
Concluding remarks
The scheme developed here is a systematic sequence of approximations, formally valid for large dimensionless distance r but surprisingly accurate even within one wavelength of the flux. Restoring dimensions, the asymptotic variable is = kR R mE 2 (see (1.1)), so the approximation is semiclassical as well as short-wave and large-distance. (Strictly, the semiclassical asymptotics includes the rapid 1/ oscillations embodied in the periodic dependence on the quantum flux (1.2) .) The approximation scheme is uniformly valid in direction θ and flux α, with the leading order ψ erf (equation (2.17) involving the Fresnel integral, and successive truncations (N in (2.18)) representing the exact ψ AB with error O(1/r N+3/2 ). The derivation presented here was based on the integral ψ C1 in the decomposition (2.3), given by (2.2) with the contour C 2 in figure 1(b) , with ψ C2 given by (2.4) and ψ C3 zero by symmetry. The integral was evaluated directly, using saddle-pole asymptotics. An alternative derivation is possible, based on the following representation of ψ C1 in terms of Hankel functions (derived in [3] , based on expressions in [1] , and here written with θ=0 representing forwards): ). Full black curves: π; r N+1/2 × backward discontinuity for θ = π and θ = −π; red curves: r N+1/2 × error for θ = π; black dashed curves: r N+1/2 × error for θ = −π, for α=1/4 and approximations (a) The derivation would proceed using known asymptotics for the Hankel functions, but would lead to the same result (2.17) and (2.18) as here derived bare-handedly directly from the contour integral representation of ψ C1 .
This scheme is different from the 'many-whirls' representation [8, 10] , in which the AB wave is decomposed into contributions describing different numbers of windings around the flux line. Whirling waves express the topology of AB: noncontractible loops in the plane punctured by removal of the point where the flux is located. And, related to this, they enable the Dirac magnetic phase factor to be incorporated concisely and exactly. Mathematically, the whirling waves are terms in a series obtained by Poisson-transforming the sum over angular momenta m in the original AB wave (2.1). By contrast, the integral (2.2) which is our startingpoint is obtained by summing the m series exactly in closed form.
One feature that our approximation scheme shares with the decomposition into whirling waves, although the details are different, is that the individual terms are discontinuous-for our scheme, the discontinuities are in the backward direction θ=±π. This raises the question of whether it is possible to construct an approximation scheme whose contributions are all singlevalued and respect the θ periodicity of AB. I am not sure, but suspect that no series based on Fresnel integrals (error functions) will have this property.
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Appendix. Relation with cornufication
It is interesting to discuss the relation between the erf-based scheme developed here and the representation considered earlier [13] , in which the AB wave was fitted to a Fresnel integral (erf with complex argument). This was based on representing the AB wave exactly, in a form resembling (2.17), with (now using a slightly different notation) erf replaced by a complex function K(r,α), and noting that in its complex plane K clings very close to the Cornu spiral ( figure A1) for all values of α and as r varies in the plane, except when r is very close to the origin. Explicitly, the 'cornufied' map from r to K is ( ) with the argument w determined as the solution of (A.1) (and slightly complex to accommodate the small departures from the spiral). A series was found for w(r, α), starting with q r 2 sin . 1 2 But the procedure implicitly required the inverse function of erf, and complications associated with different branches were not examined, leading to a stillunresolved (and unrecognised in [13] ) lack of smoothness in the representation for θ slightly negative.
It could be that this anomaly can be resolved by a more careful analysis of w(r, α). If so, a possible connection with the scheme presented here might be be analogous to the two ways of representing small asymptotic solutions y(x) of the Schrödinger equation in WKB theory, i.e.
( ) The analogy is that the scheme elaborated in this paper corresponds to the linear representation (a), with erf replacing exp with the zero order argument w 0 (x), and the cornufication scheme corresponds to the nonlinear representation (b), again with erf replacing exp but with the more complicated argument w(x). Alternatively, forcing the AB wave into the form (A.1) and (A.4) might be too strong a constraint-a Procrustean fit that cannot be smooth, in which case the analogy would fail. 
